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L
et M be a compact oriented manifold of dimension 2d. It has its DeRham complex
If we equip M with a Riemann metric we get a Hodge ૺ operator coming from the metric and orientation:
and a ␦ operator Hence if we define ⍀ Ϯ to be the Ϯ1 eigenspaces of
This is the definition of the signature operator, and its index is the signature of the manifold M (1-3). Let ‫ތ‬ 3 M be a Hermitian line bundle with compatible connection ٌ. This induces a covariant differential
with the defining property
We then also get ␦ ‫ތ‬ ϭ: Ϫ͑id ૺ͒d ‫ތ‬ ͑id ૺ͒ : ‫ތ‬ ⍀ 3 ‫ތ‬ ⍀ and therefore a twisted signature operator (4, 5)
If G is a compact Lie group acting as bundle automorphisms of ‫,ތ‬ we can choose the metric on M and the connection to be G-invariant. This gives representations of
[2]
This virtual vector space together with the virtual representation of G on it we call the signature quantization of the action of G on (M, ‫.)ތ‬ Its definition depends on the choices made: the metric and connection. However, it is clear that up to isomorphism Q(M, ‫)ތ‬ and the virtual representation of G on it are independent of these choices. The aim of this note is to describe the analogues for signature quantization of a number of theorems in the more standard theory of spin-‫ރ‬ Dirac operator quantization.
The Generalized Kostant Formula
Let G ϭ ‫ޔ‬ n be the standard n-torus. Suppose that the action of G on M has isolated fixed points. For any weight of G and any virtual representation W of G let #͑, W͒ denote the multiplicity with which occurs in W. [It is understood that #(, ϪW) ϭ Ϫ#(, W).] The Kostant formula for signature quantization asserts that
In this formula the N p (2) are weighted versions of the Kostant partition function associated with the ''polarized weights'' of the isotropy representation of G on TM p . These are defined as follows. Because TM p does not have a complex structure, the weights
of the isotropy representation are only determined up to sign. Because p is isolated, none of these weights are zero. So by fixing a ʦ g on which none of them vanish for any p, we can arrange that for all p and i we have ␣ i,p () Ͼ 0. Then N p (2) (␤) is defined to be the weighted number of solutions of the equation.
where one assigns the weight 2 d to a solution if all the k i are positive, the weight 2 dϪ1 if exactly one of the k i is zero, etc. The sign (Ϫ1) p occurring in Eq. 3 is defined as follows. The choice of a polarization of the weights of the isotropy representation of G on TM p gives a complex structure on TM p and, hence, an orientation. Then (Ϫ1) p is defined to be ϩ1 if this orientation coincides with the orientation coming from that of M and Ϫ1 otherwise. Finally v p is the weight of the isotropy representation of G on ‫ތ‬ p . Notice that there are no '' shifts'' in Eq. 3 in contrast to the usual Kostant formula (see ref. 6 ).
Borel-Weil theorem says that if is in the positive Weyl chamber, the spin-‫ރ‬ quantization of (M, ‫ތ‬ ) is the irreducible representation Irr() with maximal weight . For signature quantization, we get the following version of this theorem. 
where L(Ѩ/Ѩh i ) is the infinite-order, constant coefficient differential operator defined by the series Eq. 6. In fact, up to an overall factor of 2 d , this is the content of the Euler-Maclaurin formula in refs. 11 and 12 in the case of regular polytopes when applied to the constant function one; the methods of refs. 11 and 12 are purely combinatorial and give formulas for the sum of the values of any smooth function on a lattice points in a simple polytope. In this context the use of L-classes (rather than the Todd classes that appear in the Khovanskii formula) was a key idea of Cappell and Shaneson (13) .
The Relation Between Quantization and Reduction
The action of the group G on ‫ތ‬ and the connection ٌ give rise to an ''abstract moment map'' ⌽ : M 3 g* satisfying, for ʦ g and s ʦ ‫,)ތ(⌫‬ ␦͑͒s ϭ ٌ M s ϩ 2i͑⌽, ͒s.
Moreover, if G is an n-dimensional torus, and M G is finite, there is a cobordism of ''G-spaces with abstract moment maps''
See ref. 15 for these notions and a proof of the above formula. Using the above cobordism, the Khovanskii theorem, and the Kostant formula for spin-‫ރ‬ quantization, one can prove the conjecture ''quantization commutes with reduction'' as formulated in ref.
14 (see Chapter 8 of ref. 15 for details). The proof in the spin-‫ރ‬ setting is complicated by the presence of shifts in the Kostant formula. The Kostant formula for signature quantization does not involve these shifts, so the proof of the corresponding result is simpler, but there will be an overall factor of a power of 2 in its formulation, which is as follows: Let, ʦ ‫*ޚ‬ g , and let M denote the reduced space of M at a regular value of ⌽. Then
Thus for signature quantization, the relation between quantization and reduction is more subtle than for spin-‫ރ‬ quantization.
Additivity Under Cuts
Consider now the case where G ϭ S We believe that this identity can be considered as a ''characterizing property'' of signature quantization. V.G. was supported in part by a National Science Foundation grant. J.W. was supported in part by National Science Foundation Grant DMS 99͞71914.
